Abstract We initiated the program to look for new and simple forms for the five-dimensional rotating squashed black holes by solving directly the equation of motion. In a recent paper, the metric ansatz of dimensional reduction along the fifth spatial dimension was used to obtain a new but rather simple form for the five-dimensional rotating uncharged black hole solution with squashed horizons via solving the vacuum Einstein field equations. In this work, we continue to seek for another new but relatively simple form for the neutral rotating squashed black hole solution by using a different metric ansatz of timelike dimensional reduction. We then find its relation to our previous solution and investigate its thermodynamics by means of the counterterm method. Compared with the previous results given by the other author, both of our new metric forms and their associated thermodynamic expressions are very concise and elegant. Both of two new forms for the neutral rotating squashed black hole solution presented in this paper can be used as the seed to generate its charged generalization in D = 5 minimal supergravity.
simple solution-generating technique with which some metric components of the known solution are multiplied by different orders of a squashing function in order to get a new solution in the same theory. The solution so obtained has a horizon topology of the squashed S 3 sphere while its asymptotical structure at spatial infinity has the same asymptotic topology as that of the fivedimensional Kaluza-Klein (KK) magnetic monopole, namely a twisted U (1) fiber bundle over the four-dimensional Minkowski spacetime. That solutiongenerating technique is also dubbed the name of squashing transformation method, and the obtained solution is usually called as the KK squashed black hole because it becomes an exact solution in the four-dimensional KK theory, after performing a dimensional reduction down to four dimensions. It belongs to a class of cohomogeneity-one Kaluza-Klein black hole solutions [2] .
Because of its simplicity and easy maneuverability, the squashing transformation method soon attracted a great deal of attention and was then successfully applied to generate a lot of new squashed KK black hole solutions [3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13] from some known five-dimensional solutions. In Ref. [3] , the squashing transformation was first applied to obtain a rotating squashed black hole solution in vacuum gravity theory from the five-dimensional MyersPerry black hole with two equal rotation parameters. Subsequently, various squashed black hole solutions [4, 5, 6, 7, 8, 9] and those in the background of the Gödel universe [10, 11, 12, 13] were constructed in the Einstein-Maxwelldilaton (EMd) theory [4, 5, 6, 7] , the D = 5 minimal supergravity theory [8] and U (1) 3 supergravity theory [9] . On the other hand, in recent years there are also many researches on various different aspects about squashed black hole solutions, such as thermodynamic properties [4, 5, 6, 10, 14, 15, 16, 17, 18, 19, 20] , Kerr/CFT correspondence [20] , geodetic motion [21] , Hawking radiation [6, 22, 23, 24, 25, 26] , perturbation stability [27, 28, 29] , quasi-normal modes [30, 31] , and strong gravitational lens [32, 33, 34, 35, 36] , etc.
However, the simplicity of applying the squashing procedure to get new exact black hole solutions will in general give rise to much complexity in the analysis of their thermodynamic properties, since one has to perform some further coordinate transformations to arrive at the proper asymptotical structure for the metrics. Indeed, this is a very unpleasant matter for the charged rotating, squashed black hole solutions, especially for those squashed counterparts of supergravity black holes with multiple electric charges. In these cases, one can easily obtain the corresponding squashed black hole solutions through applying a simple squashing transformation in the first step. But the resulting expressions of the solutions will in general become very complicated when a further coordinate transformation is completed, and the expressions calculated for the thermodynamic quantities are also very intricate. As such, thermodynamic properties of the rotating charged, squashed black holes in the five-dimensional supergravity theory have not been completely revealed so far in detail. What is more, for the rotating charged, squashed black holes, except that the usual thermodynamic quantities (namely, the mass, the angular momentum, the electric charge, the electrostatic potential, the Hawking temperature, the horizon entropy, the radii of the extra dimension and the gravitational tension) have been taken into account, the first law of thermodynamics and the Smarr mass formula still have to be modified [10, 20] additionally via introducing the dipole potential and the local dipole charge. This raises new issues on exploring thermodynamic properties of the rotating charged, squashed black holes.
It is possible, from the very beginning, to obtain a relatively simple expression for the metric of the rotating (charged) squashed black hole so that the subsequent analysis for its thermodynamic property is fairly easy and the computed expressions for the thermodynamic quantities are also much more concise. This is especially important for the case of a squashed black hole with multiple electric charges in supergravity theory, since otherwise the asymptotic moduli of the dilaton scalar fields are nonzero at infinity and they will further modify the first law of thermodynamics and the Smarr mass formula. If one can find a solution of the squashed black hole with which the dilaton scalar fields vanish at infinity, this will greatly simplify the analysis of black hole thermodynamics so that not only can the expressions calculated for the thermodynamic quantities be very simple, but also one would not worry about any modification of first laws of thermodynamics and the Smarr mass formula coming from the contribution of the asymptotic values of the dilaton scalar fields at infinity. In fact, Yazadjiev [4] had already considered this idea to obtain the static squashed KK black hole solution in the EMd theory. Recently, this strategy was used in Ref. [37] to obtain a new form for the five-dimensional static squashed black hole solution with three independent electric charges that facilitates the analysis of its thermodynamic property, and the results indeed justify the validity of this measure as expected.
However, the above-mentioned work [4, 37] had only dealt with the static squashed black holes. Very recently, as a warmup excise, we [38] initiated the program to revisit the solution of a rotating uncharged squashed black hole. By using the metric ansatz of space-like dimensional reduction and solving directly the field equations of the vacuum Einstein gravity theory, we had gotten a new, simple form for the five-dimensional neutral rotating squashed black hole solution and found that the expressions computed for the thermodynamic quantities are also fairly concise. The neural rotating squashed solution found in Ref. [38] has two obvious advantages: (i) It is non-rotating at infinity; (ii) The Killing vector along the time direction is properly normalized at infinity. Nevertheless, the big disappointing point is that its τ τ -component (see Eq. (5) below) of the metric is still very complicated, and our motivation of this work is to overcome this shortcoming.
In this paper, we continue to look for another new but relatively simple form for the rotating uncharged black hole with squashed horizons by using a different metric ansatz of time-like dimensional reduction. Compared with our previous solution [38] , the tt-component of our metric obtained in this time has a particularly simple form although its time-like Killing vector is not properly normalized. We then find its relation to the solution given in Ref. [38] and investigate its thermodynamics by utilizing the counterterm method [39] . Compared with the previous results given in Ref. [3] , both of our new metric forms and their associated thermodynamic expressions of the neutral rotating squashed black hole solution are very concise and elegant. We hope to further extend our experience to the case of the charged generalization in the future work where two different forms of the solutions can be used as the seed to generate the expected rotating charged squashed black hole.
The remaining parts of this article are organized as follows: Section 2 consists of the main body of this work. To begin with, we first summarize briefly the main result in Ref. [38] where a new form of the five-dimensional neutral rotating squashed black hole solution was found by solving the vacuum Einstein field equations with the assumption that the metric ansatz has the form of dimensional reduction along the fifth spatial dimension. Then we will adopt a different metric ansatz of time-like dimensional reduction to solve straightforwardly the vacuum field equation and find another new but relatively simple form for the neutral rotating squashed black hole solution. Subsequently, we will establish its relation to the previous one given in Ref. [38] . In Section 3, the counterterm method [39] is applied to reveal its thermodynamic property. A brief summary and our future plan are given in the last section. Appendix A includes the coordinate transformations and the necessary parameter identifications to relate our solution presented in the context to that given in Ref. [3] . Appendix B establishes the relation of our new form given in [38] to the Dobiasch-Maison's solution [40, 41] .
New forms of the five-dimensional rotating squashed black hole
As mentioned before, the rotating uncharged squashed black hole solution was first obtained in Ref. [3] via applying the squashing transformation to the five-dimensional Myers-Perry black hole solution with two equal rotation parameters. After further performing the suitable coordinate transformations, the expression for the line element then becomes very involved, however, its asymptotic structure at spatial infinity, which is the common behavior shared by all five-dimensional squashed black holes, is rather simple and is given below in a frame non-rotating at infinity,
where σ 3 = dψ + cos θ dφ, and L ∞ is the radii of the compact fifth dimension. According to the above asymptotic behavior of the general five-dimensional squashed KK black hole, the action reads
in which the first term is the Einstein-Hilbert-Palatini action in five dimensions, R is the Ricci scalar corresponding to the five-dimensional metric g µν . The second and third term are, respectively, the Gibbons-Hawking boundary term and the counterterm proposed in Ref. [39] , K is the trace of the extrinsic curvature K ij = (n i;j + n j;i )/2 for the boundary with the induced metric h ij , and R is the scalar curvature associated with the boundary metric h ij .
A new form for the rotating squashed black hole solution
In our recent work [38] , a new, very simple form of the five-dimensional rotating uncharged squashed black hole solution was obtained by solving the vacuum Einstein field equations. With the assumption that the metric ansatz has the form of space-like dimensional reduction, we had solved directly the field equations of the five-dimensional vacuum gravity theory to find the solution under the requirements that the solution should satisfy two primary conditions: (i) It is non-rotating at spatial infinity; (ii) The time-like Killing vector ∂ τ is properly normalized at infinity. For our purpose, the new form [38] for the neutral rotating squashed black hole solution which is non-rotating at infinity is given below (after a slight change of notations for no confusion in this paper)
where
The above solution can also be written in the following form of time-like dimensional reduction
in which the τ τ -component of the metric
. (5) is still very complicated although it approaches unity when ρ → ∞, showing that the time-like Killing vector ∂ τ is properly normalized.
Due to the complicated form of the function f (ρ), once the above solution is used as the seed to generate the charged version, the generated solution then will be very involved. This is the main disappointing point of the above metric. It is this shortcoming that motivates us again to manage to look for another new but relatively simple form for the rotating uncharged black hole with squashed horizons by solving straightforwardly the vacuum Einstein field equations.
Another new form for the rotating squashed black hole solution
In this subsection, we will adopt a different metric ansatz from that previously used in Ref. [38] to obtain another new but still relatively simple form for the neutral rotating black hole solution by solving directly the vacuum Einstein field equations. The metric is assumed to take the form of time-like dimensional reduction, which almost resembles the one suggested in Ref. [42] ,
where σ 3 = d ψ +cos θdφ, and η ab = diag(−1, 1, 1, 1, 1) is the Lorentzian metric in the orthogonal pentad frames. Below we will solve the vacuum Einstein field equations within the fünbein formalism. In order to simplify the solving procedure as possible as we could, we choose the following pentad one-forms
and have obviously G (3)(3) = G (4)(4) for the pentad components of the vacuum Einstein field equations. Our task below is to find the concrete expressions of three unknown functions V (ρ), f (ρ), and h(ρ) via solving the equations of motion. Firstly, from the composition:
which can be solved easily as
where v 1 and v 2 are two integration constants to be determined. Secondly, the pentad component G (1)(5) = 0 leads to the following relation
while the composition: G (2)(2) − G (5)(5) = 0 results in a single differential equation that determines the function f (ρ) only
Substituting Eq. (10) into Eq. (9), one then gets the differential equation associated with the function h(ρ) only
The functions f (ρ) and h(ρ) can now be solved from Eqs. (10) and (11) by using the Maple command 'dsolve' and their general expressions can be given as
where (f 1 , f 2 ) and (h 1 , h 2 ) are four constants introduced in the process of integration.
From the consideration of the asymptotic property of the metric at infinity and the requirement of the simplicity of the function f (ρ) (otherwise, the final solution would be very complicated), we can take it simply as
which gives f 1 = 2m, f 2 = 0, and
By the self-consistence of all the field equations, we finally consider the composition of the pentad components: G (1)(1) − G (2)(2) + G (3)(3) − G (5)(5) = 0, which gives the simplest relation
Substituting Eqs. (8), (12b) and (13) into Eq. (15), we can determine the remaining four unknown integration constants as
At this step, it is easy to check that the above solution can ensure that all the components of the vacuum field equations are indeed completely satisfied.
Finally, we might set h 1 = 2ma as well so that we can further obtain the following simplified expressions for the solution
Thus, we have finished the solving process and obtained another new simple form for the rotating neutral black hole with squashed horizons. The solution is obviously given by the line element (6) with the structure functions (17) . Compared with the previous one given in Ref. [3] , the solution presented here is much more simple. By the way, our solution can also be put into the form of space-like dimensional reduction
2.3 Relation to our previous solution [38] In order to make contact with our previous one presented in the section 2.1, it is easy to observe that the solution given in the last subsection has the following asymptotic behavior at infinity
and one can see that the black hole is rotating at spatial infinity and the radii of the extra fifth dimension, L ∞ , is given by
To make the black hole non-rotating at infinity, it needs to perform the following coordinate transformations
and now the metric (6) takes the following form
To equate the solution (23) with (3) [or (18) after using Eq. (22)], it remains only necessary to make the following parameter identifications:
Thermodynamics
In this section, we will investigate thermodynamic property of the neutral rotating squashed black hole based upon the solution (23) . The locations of the inner and outer horizons are determined by V (ρ ± ) = 0, which can be explicitly expressed in terms of the parameters (m, a, ρ 0 ) but will be omitted here. It is a standard excise to obtain the entropy S ± = A ± /4, Hawking temperature T ± = κ ± /(2π) and the angular velocity Ω ± on the horizons as follows:
Our next task is to calculate the conserved charges: the counterterm mass, the angular momentum and the gravitational tension via the counterterm method [39] . Varying the action (2) with the induced metric h ij leads to the following boundary stress-energy tensor
where Ψ = 2/R. After some tedious calculations, we obtain the following asymptotic expansion of the coordinate components of the stress tensor
Now we can first calculate the counterterm mass and the angular momentum via the following formulae
After substituting the expressions (27a,27b) into the above two formulae, the expressions of the counterterm mass and the angular momentum can be computed as
Note that the angular momentum is identical to the result obtained by using the Komar method, while the counterterm mass is different from the Komar mass.
Then the non-zero gravitational tension can be computed by using the following formula
where √ σ = ρ(ρ + ρ 0 ) sin θ. Using Eq. (27c), we can get the expression of the gravitational tension as follows:
It can be checked that the above thermodynamic quantities are essentially identical to those previously given in Ref. [38] via the relations (24a, 24b). Compared with the results in Ref. [3] , our thermodynamical expressions are much more concise.
Finally, it is not difficult to verify that the above thermodynamical quantities completely fulfil both of the differential and the integral first laws of black hole thermodynamics
where 2π L ∞ is the length of the compact fifth dimension, and L ∞ can be roughly identified with twice of the NUT charge, which is viewed here as a thermodynamical variable for the self-consistence of the Smarr mass formula.
Conclusion
In this paper, we have obtained another new and rather simple form for the five-dimensional neutral rotating squashed KK black hole by adopting a different metric ansatz to solve directly the vacuum Einstein field equations. The black hole is rotating at spatial infinity, but when transformed into a frame non-rotating at infinity, it can be cast into the form previously found in Ref. [38] if the parameter identifications (24a, 24b) are further made. Obviously, our new metric expression for the rotating squashed black hole is much simpler than the previous one given in Ref. [3] and is very convenient for us to investigate its thermodynamic property. Then the counterterm method has been used to compute its conserved charges: the counterterm mass, the angular momentum and the gravitational tension, and it has been verified that they completely satisfy the differential first law and the Smarr mass formula. It should be emphasized that compared with the previous research [3] , not only is our new metric form present here or that in Ref. [38] for the neutral rotating squashed black hole much more simple, but also its associated thermodynamic expressions are very concise and elegant. We think that the new form of the neutral rotating squashed black hole presented in this paper is the most perfect seed to generate its charged generalization in the near future. By the way, we have also provided two appendices to establish the relations of our new expressions to the previous one given in Ref. [3] and the Dobiasch-Maison's solution [40, 41] .
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A Relation to the previous solution [3] In this appendix, we will show that how our solution (6) with the structure functions (17) can be obtained from that given in Ref. [3] via the coordinate transformations and the appropriate parameter identifications. Making a coordinate shift r 2 +â 2 → r 2 and simultaneously, r 2 ∞ +â 2 → r 2 ∞ , the neutral rotating squashed KK black hole solution [3] can be written into a form that resembles closely the one adopted previously in Ref. [42] 
where σ 3 = d ψ + cos θ dφ, and
If we would like to transform it into the form (6), namely,
we must first make the following coordinate transformations
and meanwhile the parameter identifications: 4) in whichf
Using the identityf (r∞) = ρ 2 0 /L 2 ∞ , we then obtain
where in the above we have setm 6) for the sake of the simplicity of the function f (ρ). Then, in order to ensure that the following identityf
is satisfied, one must let
Next, one can show that 9) where to arrive at the last identity, one should further make another parameter identification
Finally, it is a little troublesome to get the expression of the functionV (ρ). However, using the above relations one can deduce that
From this equation, one can get a useful identity:
and with which, one can finally show that
B Relation to the Dobiasch-Maison's solution [40, 41] In Ref. [2] , there are two baffling statements that "It was shown by Wang 51) that the five-dimensional Kaluza-Klein black hole of Dobiasch and Maison can be reproduced by squashing a five-dimensional Myers-Perry black hole with two equal angular momenta." and "(The Dobiasch-Maison solution was re-derived by squashing from the five-dimensional Myers-Perry with equal angular momenta 51) )". However, Wang neither showed this reproduction in his paper [3] nor referred to the Dobiasch-Maison's work [40] .
In the last appendix, we have demonstrated that our solution can be transformed from Wang's solution [3] . It is therefore also meaningful to establish here its relation to the Dobiasch-Maison's solution [40, 41] .
B.1 The Dobiasch-Maison's solution [40, 41] Dobiasch and Maison [40] found a three-parameter solution in the five-dimensional vacuum gravity theory. It was later studied [41] in detail and was shown to describe a static dyonic KK black hole after performing a dimension reduction down to four-dimensions. Its original form [40] can be written as
in which three parameters (a, α, β) are twice of those in Ref. [40] . By solving the equation of motion, we find that the above solution can also be given in terms of the electric charge δ, the magnetic charge γ, and the third parameter a 0 as follows:
On the other hand, the above static dyonic KK black hole solution was given [41] in a form completely expressed in terms of the physical parameters (the mass M , the dilaton scalar charge Σ, the electric charge Q, and the magnetic charge P ). Its rotating extension is the Rasheed-Larsen rotating dyonic black hole [43] , which belongs to the cohomogeneity-two class of Kaluza-Klein black hole solutions [2] . After setting the rotation to zero, re-scaling Σ → √ 3Σ, and then shiftingr → r + Σ, the static dyonic KK black hole solution [41] (see also Ref. [44] ) is given as where
The solution (B.1) and (B.2) are related to each other via the following relations
3)
The mass M , the dilaton scalar charge Σ, the electric charge Q = δ, and the magnetic charge P = γ are not all independent, rather they must satisfy a constraint condition
B2. Relation to the Dobiasch-Maison's solution [40, 41] It is much more easy to establish the relation of our previous solution (3) presented in Ref. [38] to the Dobiasch-Maison's solution [40, 41] given in the above expression (B.2). The coordinate transformations followed by the parameter identifications given below can do the job:
where L 2 ∞ = ρ 2 0 + ρ 0 (ρ + + ρ − ) + 2ρ + ρ − .
